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Phase diagram of Hydrogen 

V. E. Fortov et al., J. Exp. Theor. Phys. 97, 259 (2003) 



Electrical conductivity of Hydrogen 

V. E. Fortov et al., J. Exp. Theor. Phys. 97, 259 (2003) 



Electron degeneracy: Θ=T/TF 

V. E. Fortov et al., J. Exp. Theor. Phys. 97, 259 (2003) H. Reinholz et al., Phys. Rev. E 91, 043105 (2015). 



Outline 

•  Ionization potential depression: Steward-Pyatt (SP)  
     and improvements: ionic structure factor, degeneracy 
 
•  Density functional theory (DFT-MD) calculations,  
     frequency-dependent conductivity 
 
•  Electrical conductivity, generalized linear response theory 

•  Kubo-Greenwood formula 

•  Electrical conductivity of partially ionized plasma 



Preliminary, from Tilo Döppner et al., LLNL 



•  ionization potential depression and structure factor 

•    results  
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C. Lin et al., Phys. Rev. E 96, 013202 (2017)  

low density (weak coupling): 
Debye-Hückel (DH) 

high density (strongly 
coupled): Ion sphere (IS) 
model 

transition from Stewart-Pyatt 
(SP) model to Ecker-Kröll (EK) 
model 
 

eV600@Al11   +

Ionization potential depression:  
           correlation effects 



Pauli blocking – phase space occupation 

momentum space 

Fermi sphere 
px 

py 

pz cluster wave function (atom, ions,…)  
in momentum space 

P P - center of mass momentum 

The Fermi sphere is forbidden, 
deformation of the cluster wave function 
in dependence on the c.o.m. momentum P 

The deformation is maximal at P = 0. 
It leads to the weakening of the interaction 
(disintegration of the bound state). 



IPD of C5+ at T=100 eV 
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degeneracy:  
Fock shifts 
(continuum,  
bound state), 
 
and Pauli shift  
(bound state) 

Carbon mass density 

G. Röpke, D. Blaschke, T. Döppner, C. Lin, W. D. Kraeft, R. Redmer, and H. Reinholz,  
Phys. Rev. E 99, 033201 (2019).  

cf. talk by Khomkin A. L.  
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Ionization degree of C plasmas 

G. Röpke, D. Blaschke, T. Döppner, C. Lin, W. D. Kraeft, R. Redmer, and H. Reinholz,  
Phys. Rev. E 99, 033201 (2019).  

Stewart-Pyatt (SP) 
 
OPAL 
 
degeneracy:  
Fock shifts 
(continuum,  
bound state), 
 
and Pauli shift  
(bound state) 



Free electron density 
Kubo-Greenwood formula: conductivity 

Thomas-Reiche-Kuhn sum rule 

Carbon, T = 100 eV, n = 50 g cm-3 

M. Bethkenhagen et al., Phys. Rev. Research 2, 023260 (2020) 

Ionization degree Zfree/Ztot 

final sum rule values 
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Ionization degree for carbon 

T = 100 eV 
Ionization degree of 
carbon Zfree derived from 
DFT- MD simulations 
(orange line) compared 
to predictions of OPAL 
(green line) and Beth-
Uhlenbeck (BU) 
calculations (black lines). 
 
BU results incorporate 
the EK and SP models, 
respectively.  
 
Solid line takes into 
account Pauli blocking 
effects in addition. 

M. Bethkenhagen et al., Phys. Rev. Research 2, 023260 (2020) 



DC conductivity of Al  

P. Sperling et al.,  PRL 115, 115001 (2015)  

Thomson scattering at  LCLS 
(Linac Coherent Light Source) 
 
Collisional-damped plasmons  
in isochorically heated WDM  



Dynamic electrical conductivity 

B. Witte, G. Röpke, P. Neumayer, M. French, 
P. Sperling, V. Recoules, S. H. Glenzer, and R. Redmer, Phys. Rev. E 99, 047201 (2019) 

Ziman formula: 
ion-ion structure factor Sii, 

el. – ion scattering cross section Σ(q,k) 

Real part of σ(ω)  
and absorption coefficient α of Al at 2.7 g/cm3 

Kubo-Greenwood formula 



DC conductivity Al 

Witte et al., Phys. Plasmas 25, 056901 (2018)  
N. R. Shaffer and C. E. Starrett,  
Phys. Rev. E 101, 053204 (2020)  

Kubo-Greenwood formula, DFT-MD 
Quantum Landau-Fokker-Planck equation,  
mean-force scattering  

Electrical conductivity of solid-density  
aluminum plasma (ρ = 2.7g/cm3).  
The circles and triangles are QMD data by Witte et al.  
Dotted green curves : Lee-More model. 
Dashed red curves: interpolations of Rinker’s tables.    



Including electron-electron collision  

H. Reinholz et al., Phys. Rev. E 91, 043105 (2015)  



Electron transport in dense plasmas 

N. R. Shaffer and C. E. Starrett,  
Phys. Rev. E 101, 053204 (2020)  H. Reinholz et al., Phys. Rev. E 91, 043105 (2015). 

Electron-electron collisions 



Conductivity of partially ionized plasmas 

Conductivity of partially ionized noble gases (PIP)  
using the optical potential for the e-a interaction  
helium (red), neon (orange), argon (green), 
 krypton (blue), and xenon (violet) at 20 000 K  
in comparison with experimental data  

S. Rosmej, H. Reinholz, and G. Röpke, 

Phys. Rev. E 95, 063208 (2017)  

Contribution of electron-atom collisions  
to the plasma conductivity of noble gases 

V. E. Fortov et al., J. Exp. Theor. Phys. 97, 259 (2003) 



Conclusions 
1.  New experiments explore nonideal plasmas in the region of strong 

degeneracy (warm dense matter).  

2.  Ionization degree becomes problematic (definition? calculation?).      
Pauli blocking is responsible for pressure ionization at low temperatures. 
“cold” ionization (Khomkin)?-impurity problem? 

3.  To calculate the dynamical, frequency-dependent electrical conductivity, 
the electron-ion interaction can be treated systematically using the DFT 
approach. The account of the electron-electron interaction beyond the 
mean-field approximation remains an open problem. 

4.  The investigation of thermodynamic, transport and optical properties of 
different materials in the non-ideal plasma region remains an interesting 
field of research with relevance for laboratory experiments, technical 
applications and astrophysical phenomena. 



Thank you for your attention 
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change of eigenenergy:  
continuum lowering, 
level shift 

ionization potential  

1/3
e

1/2
e n/n~  

en~shift  level

hydrogen plasma  

Density effects 

Experiments: high precision  
semiconductors (el.-hole-exciton) 
Warm dense matter (WDM) 

Debye shift 
microfield 

•  Green functions  
•  QMD 
•  DFT 



•   low density limit: Debye-Hückel (DH) theory 
 

 
 
 
•  high density limit: Ion sphere (IS) model �
�
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D. Salzmann, Atomic Physics in Hot Plasmas, 1998 

G. Zimmerman and R. More, JQSRT 23, 517, 1980 

W.-D. Kraeft, D. Kremp, W. Ebeling, and G. Röpke, 
Quantum Statistics of Charged Particle System, 1986 

isR : ion sphere radius 

*Z : mean charge 

inverse Debye 
length: 

1/2n~

1/3n~

Simple theoretical approaches 



•  Stewart-Pyatt (SP) model 

 
 
•  Ecker-Kröll (EK) model 
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Simple theoretical approaches 



In-medium Schrödinger equation 
Consistent treatment of the two-particle problem: 
in-medium wave equation 

R. Zimmermann, K. Kilimann,  
W. D. Kraeft, D. Kremp and G. Röpke 
Phys. Stat. sol. (b) 90, 175 (1978) 

W.-D. Kraeft, D. Kremp, W. Ebeling, G. Röpke 
Quantum Statistics of Charged Particle Systems, 
Akademie-Verlag, Berlin 1986 

Pauli blocking, Fock self-energy shift, Fermi fct. fe 

dynamical screening, dynamical self-energy 

V(q) --> dynamically screened Coulomb interaction 

dielectric function 


